Abstract: In this paper, an average bit error rate (BER) analysis of the free-space optical (FSO) system applying subcarrier intensity modulation with binary differential phase-shift keying is presented. Multiple receiver apertures are considered, when maximal-ratio combining (MRC) is employed. Intensity fluctuations due to atmospheric turbulence are modeled by Má laga (M) distribution, taking the pointing errors effect into account. Novel closed-form average BER expression is derived in terms of Meijer's G-function. Utilizing derived expression, numerical results are presented and confirmed by Monte Carlo simulations. The effects of atmospheric turbulence and pointing errors parameters, as well as the number of photodetectors, on the average BER performance are discussed. Employing multiple receivers with MRC leads to the improvement of the FSO system performance. Numerical results illustrate that this improvement depends on the FSO channel conditions. In addition, it is proved that SNR unbalance scenario can seriously deteriorate system performance.
Introduction
As a modern attractive technology, free-space optical (FSO) systems have become a solution for providing novel demands of new generation telecommunications systems. The FSO systems have a lot of benefits compared to traditional wireless radio-frequency (RF) systems. First of all, the FSO systems provide wide bandwidth and data rates close to the ones in the case of optical fiber systems. Further, the FSO technology allows a license-free transmission with easy, low-cost and simple installation [1] - [3] .
The intensity fluctuations of the received optical signal are mainly caused by the atmospheric turbulence, which is a result of the refractive index random changes. Based on the experimental measurements and a number of theories for the optical signal propagation, many statistical models were established to describe the effect of atmospheric turbulence. The Gamma-Gamma distribution is adopted as a convenient one, since it provides a good matching of experimental data and theory in wide range of turbulence conditions [3] . Recently, a novel Má laga (M) distribution is proposed as a more general model in [4] . Compared to other models, M distribution takes into account the effect of multiple scattered components. Hence, it can be reduced to well-known distributions, such as log-normal, K, Gamma-Gamma, Exponential, etc. [4] - [10] . Besides the atmospheric turbulence, the misalignment between FSO transmitter laser and FSO receiver photodetector is another reason for optical signal degradation. Due to many natural phenomena as strong wind, earthquakes, thermal expansion, installed FSO apertures are in motion, which results in the optical laser beam vibrations. Due to this fact, an imprecision of laser beam positioning occurs, leading to the effect called pointing errors [11] - [13] . Combined effect of the pointing errors and M-distributed atmospheric turbulence was observed in [7] - [9] .
As a well-known method to mitigate the effects of scintillation, spatial diversity techniques have been borrowed from RF networks and applied within commercial FSO systems [1] , [2] . Employing selection combining (SC), equal gain combining (EGC) or maximal-ratio combining (MRC) in FSO system influenced by strong K-distributed atmospheric turbulence was observed in [14] . The FSO signal transmission over weak log-normal atmospheric turbulence channel was analyzed in [15] and [16] , considering the employment of SC or switched combining (switch-and-stay and switchand-examine combining), respectively. Implementation of the spatial diversity techniques in the FSO system considering Gamma-Gamma atmospheric turbulence, which covers conditions from weak to strong ones, was examined in [17] - [19] , while the impact of the pointing errors on the same system was observed in [20] , [21] . The impact of multiple scattered components, described by M statistical model, on the performance of the FSO system with spatial diversity techniques was analyzed in [22] , [23] . Concretely, [22] examined the average bit error rate (BER) of the dualbranch FSO system applying MRC and EGC. Mutual effect of the pointing errors and M-distributed atmospheric turbulence on the average BER performance of the MRC-and SC-based FSO system with multiple receivers was observed in [23] .
Most practical FSO systems widely employ intensity fluctuation/direct detection (IM/DD) with on-off keying (OOK) scheme, primarily due to simplicity in implementation and design, as well as cost effectiveness and bandwidth efficiency. Furthermore, the interest in L-symbols pulse position modulation (L-PPM) has been raised since any decision threshold is not required unlike with the OOK scheme. Also, L-PPM is more power efficient compared to OOK, at the cost of an increased bandwidth requirement and higher system complexity. As a further solution for employed modulation within FSO system, subcarrier intensity modulation (SIM) has been borrowed from the multiple carrier RF systems, where the baseband signal is first pre-modulated with an intermediate frequency carrier, considering one of the RF modulation schemes. The RF modulator output modulates the optical source (laser) intensity. Besides providing multiple subcarrier multiplexing, the SIM technique avoids an adaptive threshold requirement as OOK, and provides lower bandwidth requirement than the PPM at the same time [1] .
Inspired by works in [22] , [23] , which considered the FSO system with SIM and binary phase-shift keying (BPSK), we analyze the SIM FSO system employing binary differential phase-shift keying (BDPSK). The advantage of DPSK compared to PSK is in the fact that the carrier phase estimation at the receiver is not required, since the decision of the DPSK receiver is made based on the phase difference between signals received during two consecutive symbol intervals [24] . The FSO system with multiple receiver apertures is observed, when MRC is applied, since it is the optimal spatial diversity technique. Both M-distributed atmospheric turbulence and pointing errors are taken into consideration. Novel closed-form average BER expression is derived, which is further reduced to the case when the scatter component is not taken into account (thus the Gamma-Gamma atmospheric turbulence is considered), as well as the case when the pointing error is negligible. Numerical results are presented and validated by Monte Carlo simulations.
The rest of the paper is organized as follows. The system and channel model is presented in Section 2. Section 3 gives the average BER analysis for multiple receivers FSO system. Numerical results with comments are shown in Section 2. Concluding remarks are presented in Section 5. 
System and Channel Model
The FSO system with N photodetectors and MRC spatial diversity technique applied at the receiver is investigated. Fig. 1 shows the considered FSO system with three photodetectors. The SIM employing BDPSK is considered at the transmitter of the system, meaning that the information bits are first premodulated by electrical BDPSK modulator, whose output modulates the optical source (laser) intensity. Since SIM technique is applied, DC bias is added in order to satisfy nonnegativity requirement. The laser beam is transmitted via free space, i.e., atmospheric channel. At the receiver part of the system, there are N photodetectors which collect the receiving laser beam. The independent and identically distributed (i.i.d.) channels are considered. It is assumed that the photodetectors are sufficiently spaced to provide uncorrelated scenario [14] , [15] . In order to make true this assumption, the spacing between receivers should be greater than the fading correlation length. In practical scenario, this issue may be difficult to complete, due to available physical space or since the receiver spacing required for uncorrelated fading may exceed the beam diameter in power-limited links with well-collimated beams. Hence, the presented result for considered uncorrelated scenario is a lower limit case. The optical signal at the i -th receiving aperture is
where P t denotes the transmitted optical power, R is each detector responsivity, I i represents the optical signal irradiance of the i -th channel, m is modulation index (m = 1), and s (t) denotes the electrical signal at the BDSPK modulator output. After direct detection at the receiver, DC bias is removed and an optical-to-electrical conversion by the i -th photodetector are performed. The electrical signal of the each receiving aperture at MRC input is defined as
where n i represents the additive white Gaussian noise with zero mean and variance σ
. In practice, the total field of view of all detectors needs to be covered by the laser beam footprint. For that reason, each detector area is N times smaller than the one when there is no diversity. Hence, assuming that the background radiation is the dominant source of noise, the noise variance of each aperture is N times smaller than the noise variance of the system without diversity, σ 2 u , i.e., σ [14] . Due to different brightening of the photodetectors of different receiver branches, as well as imperfections in electronics and practical implementation, the different levels of the noise variance occur, corresponding to the unbalancing effect. Finally, the MRC spatial diversity technique and BDPSK demodulation are performed.
The received instantaneous SNR for each channel is defined as
and the electrical SNR for i -th channel is
where E [·] is the statistical expectation operator. When σ
, the balanced SNR scenario is considered.
The statistic of the signal intensity, I i , is accounted for combined effect of M-distributed atmospheric turbulence and pointing errors. As it has been already mentioned, the M distribution is general model, which accounts the effect of multiple scattered components. Beside the component C L occurred due to line-of-sight (LOS) contribution, the component C CS scattered by the eddies on the propagation axis is also included (the same as in the Gamma-Gamma distribution). The component C CS is coupled to the component C L . Furthermore, the M distribution also includes the component scattered to the receiver by the off-axis eddies, denoted by C G S , which is statistically independent from both C L and C CS [4] - [9] . It is assumed that the pointing errors effect is also taken into consideration, thus the probability density function (PDF) of I i is expressed as [7, (21) ]
where [25, (9. 301)], and constants A and a k are defined as [7, (8) ]
(α)
with natural number β representing the amount of fading parameter, and a positive parameter α related to the effective number of large-scale cells of the scattering process. The parameter g denotes the average power of the scattering component received by off-axis eddies, which is defined , where = E |C L | 2 is the average power of the LOS, and φ A and φ B are deterministic phases of the LOS and the coupled to LOS scatter terms, respectively [4] .
The parameter ξ is defined as the ratio between equivalent beam radius at the receiver, a e , and jitter standard deviation, σ s , i.e., ξ = a e /(2σ s ). Further, a e is related to the optical beam radius at the
, and a is the radius of each circular detector [12] , [13] .
After some mathematical manipulations, using the instantaneous SNR definition in (3) and the PDF in (5), the PDF of γ i is derived as
where κ = ξ 2 / ξ 2 + 1 . The electrical SNR is determined based on (4) and (5) as
Note that it holds μ i = μ/N , where μ is electrical SNR when no diversity is applied [15] .
Average BER Analysis
In this Section, the average BER analysis of SIM-BDPSK based FSO system with multiple receivers and MRC is presented. Using well-known expression for the BDPSK system [24] , the average BER can be found as
where
is the joint PDF of N instantaneous SNRs at the input of the MRC. Using standard mathematical manipulations, average BER in (9) is re-written as
After representing the exponential function is terms of the Meijer's G-function by [ 
After permutation of the parameters in the Meijer's G-function by [26, (07 
If ρ M = 1, the average power of scattering component received by off-axis eddies is g = 0 and the average power from the coherent contributions is = 1. In that case, the M distribution is reduced to the Gamma-Gamma distribution. Then, the product A × a k is nonzero only when k = β, and it holds A × a k = 2α α+β 2 β α+β 2 /( (α) (β)), and the BER in (12) is reduced to
When the pointing errors effect is very small and can be neglected, then the parameter ξ → ∞. The intensity fluctuations of the received optical signal are assumed to originate only from the M-distributed atmospheric turbulence. By taking the limit of (12) non-pointing errors FSO system is derived as
Numerical and Simulations Results
In this Section, numerical results are presented together with Monte Carlo simulations to confirm analytical results. The intensity of atmospheric turbulence is determined by the Rytov variance defined as σ
, with the wavelength λ, the FSO link distance d, and the refractive index structure parameter C 2 n . Numerical results are obtained based on the channel parameters given in [4] - [7] , which represent some experimental measurements. Jitter standard deviation, σ s , is used to describe the strength of pointing errors. The radius of a circular detector aperture takes a value a = 5 cm, wavelength employed in FSO link is λ = 785 nm and the FSO link distance is d = 1 km. Normalized average optical power of the FSO hop is assumed + 2b 0 = 1. Fig. 2 shows the average BER dependence on the electrical SNR of the dual-branch FSO system, considering different values of the pointing errors strength, σ s /a = 1 and σ s /a = 5. The atmospheric turbulence strength is defined by results from [7] , which are obtained by experiments performed in University of Waseda, Japan, on the 15th October, 2009. For given parameters the Rytov variance is the same, thus the scattering component has decisive impact on the average BER performance. Higher values of the parameter ρ M leads to the better system performance. When ρ M = 1, the performance is the best (and the amount of the power scattered to the receiver by the off-axis eddies, i.e., power of C G S , is equal to zero), so the FSO system is affected by Gamma-Gamma atmospheric turbulence. The component C G S has stronger impact on the average BER when the pointing error is weak. Fig. 3 is obtained by utilizing the values of the parameters given in [6, Table 1 ], and presents the average BER versus jitter standard deviation for different atmospheric turbulence conditions. Better system performance is achieved when atmospheric turbulence is weak (σ 2 R is lower), as well when the pointing error is poor (σ s is lower). In addition, the impact of atmospheric turbulence The average BER versus electrical SNR for different number of photodetectors and different amount of scattering power coupled to the LOS (or the average power of the scattering component received by off-axis eddies) is depicted in Fig. 4 . Implementation of greater number of photodetectors at the receiver leads to the system performance improvement and significant SNR gain. For example, in order to achieve P b = 10 −5 when ρ M = 0.95, electrical SNR gain is about 20 dB and 6 dB by increasing of the number of photodetectors from N = 1 to 2 and N = 2 to 3, respectively. With parameter ρ M decreasing, corresponding gains increases.
In Fig. 5 , the average BER dependence on electrical SNR is presented, considering the signals power on the photodetectors are not equal, i.e., unbalanced SNR scenario (μ 1 = μ 2 ). The system performance could be considerably degraded due to SNR unbalancing. This kind of degradation is dependent on the atmospheric turbulence conditions. For example, for given average BER of 2.95 × 10 −4 , the required electrical SNR μ 1 for the case of balanced SNRs (μ 2 = μ 1 ) is about 10 dB smaller compared to the case of unbalanced SNRs (μ 2 = μ 1 /2) for strong atmospheric turbulence (σ 2 R = 1.2). When optical signal transmission is affected by weak atmospheric turbulence (σ 2 R = 0.52), the electrical SNR μ 1 penalty of about 6 dB is paid due to the same SNR unbalancing. We pay our attention on scintillation reduction by applying diversity technique. This negative effect can be also reduced by increasing the area of a photodetector, which enables integration of various intensities incident on particular parts of the lens. This technique is known as aperture averaging and is described in details in [3] . By applying similar approach as in [27] , the aperture averaging effect could be considered in our scenario that will be the topic of our further work. 
Conclusion
This paper has analyzed the average BER of multiple receivers SIM-DPSK FSO system employing MRC as the optimal diversity technique. Intensity fluctuations due to atmospheric turbulence are modeled by general M distribution considering the pointing errors effect. Novel closed-form average BER expression has been derived, which has been further reduced to some simpler cases. Derived expressions have been utilized to obtain numerical results, which have been validated by Monte Carlo simulations. The effect of different system and channel parameters on the average BER performance has been examined and commented.
It has been concluded that the component scattered to the receiver by the off-axis eddies (which represents the generality of M distribution) has an important impact on the average BER performance, particularly when the positioning of the FSO aperture is good and the pointing error is weak. Furthermore, employing of multiple photodetectors in FSO system results in significant performance improvement, especially under good FSO channel conditions (weak atmospheric turbulence and poor pointing errors). In addition, the SNR unbalance scenario has been observed, which proves to be an important issue during FSO system design and implementation, since it can degrade system performance, especially in weak atmospheric turbulence conditions.
Since the atmospheric turbulence results in slowly-varying fading, remaining constant over a large number of transmitted bits, the outage probability is also a relevant metric of signal transmission quality. Determination of the outage probability for the system described here is in the scope of our further investigations.
